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Abstract
The origins of the cosmological constant are discussed from the perspective
of the imaginary-time field theory. The concept of the thermal time, which is
related to the Tolman-Ehrehfest relation, and the conformal invariance of the
actions are applied to account for the relation between the scale factor of the
FRW metric and the temperature of the vacuum. Finite values of the cosmolog-
ical constant from the DeWitt-Schwinger representation and the Casimir effect
with a large separation between two plates are derived. The induced energy
density is found to be uniform over the space and independent of the evolution
of the universe, and the equation of state ratio is indeed w = −1. From the
point of view presented here, the largest discrepancy of the vacuum energy be-
tween the theoretical and the experimental sides can be conciliated. And the
value of the cosmological constant corresponds to a characteristic temperature
of vacuum determined by the history of the universe.
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1 Introduction
The analogy between the thermodynamics and the general relativity is grad-
ually explored and under disputes for decades. In 1915, the gravitation was
successfully described by Einstein [1] through the geometrization of the space
and time. It was not taking long later, many experimental tests for the theory
of relativity have helped to achieve its authenticity and excellence in under-
standing the weakest force in the universe. No more than two decades, in 1930,
Tolman et al. [2] examined the thermodynamical properties of a perfect fluid
and radiation in generating gravitational fields through the Einstein equation.
The Tolman-Ehrenfest relation states the relation between the temperature and
the metric. Then it started in the 1960s and 1970s, the general relativity can be
further understood in the thermodynamical perspective through studying the
collapse of the black hole. In the theory constructed by Hawking et al. [3], the
dynamics of black holes are described by the temperature, entropy and so on,
which are all familiar terminologies in the thermodynamics. It is found that a
black hole emits black-body radiation near the event horizon with a character-
istic temperature, the so-called Hawking radiation. It was about the same time,
Fulling, Davies and Unruh [4] published respectively a prediction of a thermal
radiation that would be detected by an accelerated observer, and the thermal
bath was depicted by the Unruh temperature. It is believed that there is a deep
connection between the Hawking radiation and the Unruh temperature since
they are equivalent if the equivalence principle is applicable on them. Even
though the effects of the Hawking radiation and Unruh temperature are hard
to detect, for instance, a temperature of 1K corresponds to a proper accelera-
tion of ∼ 1021m/s2, it was shown recently that a well known effect, called the
Sokolov–Ternov effect [5], in the experiments of accelerator physics, is in fact
the Unruh effect under certain conditions. Besides, the notion of the thermal
time was introduced by Connes and Rovelli [6] in the 1990s. A thermal time
flow is argued to be determined by any thermal state in the covariant quantum
theory, and so as to define the physical time. Besides, this concept can also be
proved to agree with the Tolman-Ehrenfest relation. In short, the existence of
the thermodynamical characteristics in the general relativity can not be denied,
and it is worth as many attentions as in other approaches, like loop gravity, etc.,
in order for a theory of quantum gravity to come.
On the other hand, both in the theoretical and experimental sides, the ap-
pearance of the cosmological constant continues to puzzle physicists for nearly
one century. It was first conjectured by Einstein [7] in 1917 to construct a static
universe as well as to satisfy the Mach principle [9] for a connection between the
mass density of the universe and the geometry. Soon after Hubble discovered
the expansion of the universe, Einstein [8] retreated the new additional term
and called it his greatest blunder. However, from the studies of the modern
cosmology, it turns out that it is mainly responsible for the cosmic acceleration
at the present time and taking up ∼ 70% composition of the universe from
the observations of Type Ia supernova [10] and the cosmological background
radiation [11]. Nevertheless, the cosmological constant is still no more than
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mysteries to physicists. Its energy density is constant over the space regardless
of the expansion of the universe, and the pressure that it exerts on the universe
is negative with an equation of state ratio w = −1. In the cosmology it is often
regarded as the vacuum energy, while in the quantum field theory the vacuum
energy is yielded through summing over zero-point energies of all normal modes
of some fields up to an energy cutoff of the Planck scale, MPl ∼ 1018 GeV. The
estimation from the theory and the observations gives the greatest discrepancy
of a physical quantity in physics, a difference of ∼ 10120 orders of magnitude
[12].
In the imaginary-time field theory [13], a temperature-dependent scale trans-
formation is introduced to the actions of the quantum electrodynamics for both
of photons and fermions and the imaginary-time formalism gives a thermody-
namical nature to the vacuum, which happens to coincide the thermodynamical
perspective of the general relativity. Not only the ultraviolet divergences can be
removed from the theory itself but one-loop radiative corrections of the QED
are proved to be in agreement with those in the conventional field theory, be-
sides it predicts the same renormalization group equations as those in the MS
renormalization scheme [14]. Moreover, in ref. [15], the imaginary-time field
is found to generate consistent results with the known vacuum effects, such as
the Casimir effect and the van der Waals force [16], and shows deep connections
with the Unruh effect and the Hawking radiation. The goals of this paper are to
relate the thermodynamical features in the general relativity with the newly de-
veloped imaginary-time field theory and attempts to investigate possible origins
of the cosmological constant from an integrated aspect. In the following section,
the concept of the thermal time is briefly described and its relation with the
imaginary-time is discussed, including applications on the Rindler coordinates
and the FRW metric. In the section 3, the calculation of the cosmological con-
stant with the DeWitt-Schwinger’s approach is presented, the induced vacuum
energy is proved to possess the features of being a cosmological constant. Then
the derivations of the Casimir effect for calculating the vacuum energy of the
electromagnetic waves and fermions are adopted in Section 4; the discrepancy
of the 120 orders of magnitude can be found to be conciliated. In the end, a
conclusion is attached.
2 Conformal Invariance in spatially flat space-
time
2.1 Thermal time and scale invariance
The connection between the general relativity and the thermodynamics was
investigated in the early stage through the Tolman-Ehrenfest effect [2], which
states the relation between the temperature of a statistical system, T , in a
gravitational field and time component of the metric:
T
√
g00 = const. . (1)
3
The perfect fluid and the radiation were being examined through the respective
Einstein equation to yield this property in common. In the Newtonian limit,
the above relation can be reduced to
1
T
−→∇T = −→g ,
where −→g is the Galilean acceleration of gravity. It was concluded that an in-
crease in equilibrium temperature was found to accompany a decrease in gravi-
tational potential. The concept of the thermal time [6] developed in the 1990s
was inspired by the above effect, and was proved to work in the covariant quan-
tum theory. The idea is briefly described as follows. For observables A in the
Poisson algebra A over a phase space S. Given the state of a system, ρ, in S,
the thermal time, t, is defined by the time flow, αρt : A → A, as the Poisson
flow of − ln ρ in A:
dαρt (A)
dt
= −{A, ln ρ} .
We may also define the Newtonian mechanical time τ for the time flow of the
observable A as
dA
dτ
= {A,H} ,
where H is the hamiltonian of the system. As a non-relativistic Boltzman-
Gibbs equilibrium state ρT reaches a equilibrium temperature T , the state can
be expressed as
ρT ∝ e−
H
kBT .
The relation of the thermal time, t, and the mechanical time, τ , which is iden-
tified as the proper time, can be found as
d
dt
=
1
kBT
d
dτ
. (2)
The thermal time t is a global variable over the whole space-time and the
mechanical time, or say the proper time τ , depends on distinct observers. For
example, imagine there are two observers A and B moving in a 3-dimensional
space-time, (t, x, y), as illustrated in Figure 1 (a). For each of the observers, he
or she can construct a local inertial frame: (tI , xI , yI)|(I=A,B), along the world
line with the corresponding proper time τI , such that τI = tI . From eq. (2),
we may conclude that, for the two observers’ measurements on time, tAβA =
tB
βB
,
for both of them are associated with the same global time t. In addition, we
may consider this concept in another viewpoint. If there is an object C with a
proper time τC which is measured by two observers A and B in their respective
local frames as shown in Figure 1 (b), it has the Tolman-Ehrenfest Relation:
dτC = CT.E.βCdt, where CT.E. is the coefficient from the Tolman-Ehrenfest
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Figure 1: Suppose that in a global 3-dimensional space-time, (t, x, y) there are two
observers A and B, whose world lines are drawn as two dotted lines. For the observer
A, at a proper time τA he or she can build a local inertia frame (tA, xA, yA) in the
neighborhood to describe physical laws, and of course tA = τA. The same work can
be done by the observer B. The gray circles indicate their respective local frames.
relation. Then it can be related to the observers’ time by dτC =
βC
βI
dtI (I=A,B).
After rescaling out the redundant factor βC, we may reach
tI = βIτC, where βI =
1
kBTI
, (3)
for an arbitrary observer I. Now it may look easier to understand the rela-
tion, tAβA =
tB
βB
. Further discussions can be found in ref. [6] for interested
readers. Based from the above discussion, in ref. [17] it can be further ar-
gued that for two observers A and B located at different constant positions,
or say in two subregions of the system, each watch measures the global time t
in terms of the respective proper time through the formula dτI =
√
g00dt, and
from the Tolman-Ehrenfest relation the relation between the proper times is
TAdτA = TBdτB . In the local inertial coordinate frames used by the observer
A and B, dτI = ηijdx
idxj , where ηij = diag(1,−1,−1,−1), therefore the above
relation can extend to both of time and spatial coordinates for the physics de-
scribed by two observers in separate regions. From the above discussions, it can
be deduced that for temperatures in different subregions of a system the local
times at different locations are related with each other through tAβA =
tB
βB
and
xA
βA
= xBβB . In ref. [13], both of the actions for photons and fermions are required
to have the scale invariance, the scale transformation for the time variable is
tA =
βA
βB
tB, which coincides with the above discussion for the thermal time,
as well as the transformation for the three spatial dimensions, xA =
βA
βB
xB .
Besides, in the field theory of the curved space-time, the conformal transforma-
tion is often used on the field equations and is thus in a deep connection with
this idea; more related explanations will be presented in the next subsection.
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This concept can be further understood from the perspective of the renormal-
ization group. In Wilson’s approach [18] in the condensed matter physics, the
scale change on the Lagrangian can lead to effects, like running couplings, etc. .
Those effects can be discovered in the calculations of one-loop radiative correc-
tions of ref. [13], as the actions of fermions and photons are invariant under
the temperature-dependent scale transformations, and naturally any physical
phenomenon caused by the scale changes is dependent on the variation of the
temperature. Thus there is no wonder that the coefficients of renormalization
group equations in the imaginary-time field theory are found to be identical to
those of theMS renormalization scheme in the field theory and the temperature
plays the role of the energy scale factor µ. It is noticed that these individual
concepts, which were once scattered in different branches of physics, can be rea-
soned in an integrated way now. In the following, an example of the Rindler’s
metric [19] for the thermal time will be shown to have a connection with the
Unruh temperature, and the idea will be applied to the FRW metric [21] for the
cosmological model. It will help us to interpret the results from the calculations
of the cosmological constant that is performed in Section 3 and 4.
2.2 An application for a uniformly accelerated observer
The Rindler coordinate system [19] is the frame of reference for a uniformly
accelerated observer in the Minkowski space. We may take a two dimensional
Mikowski space (t, x) with the metric, ds2 = dt2−dx2, for example without los-
ing any generality. The Rindler’s coordinate described by (η, ξ) with a constant,
a, is related to the Minkowski space by the transformation
t = a−1eaξ sinh aη, x = a−1eaξ coshaη, with the metric ds2 = e2aξ(dη2 − dξ2). (4)
The Rindler’s chart of (η, ξ) only takes up one fourth of the Minkowski space
(t, x) for x > |t|, and is also called Rindler wedge. The proper acceleration is de-
fined as αµ = (du
0
ds ,
du1
ds ), where the 4-velocity is u
µ = ( dtds ,
dx
ds ), then the norm of
the proper acceleration is α =
√−αµαµ = ae−aξ. For the study of quantum field
theory in the Rindler space [20], the metric in eq. (4) is conformal to the whole
Minkowski space, for the conformal transformation gµν → e−2aξgµν , therefore
the wave equation is conformal invariant in the Rindler space. By matching
the quantum fields between the vacuum states in the Minkowski space, |0M 〉,
and those in the Rindler space |0R〉 through the Bogoliubov transformations
[22, 20], it can be found that for the creation and annihilation operators, b†k, bk,
of a Rindler observer, he or she will detect a thermal bath of the vacuum state
|0M 〉
〈0M |bk†bk|0M 〉 = 1
e2πω/a − 1 , where ω = |k|.
This is the spectrum of a black-body radiation with a temperature T0 =
a
2πkB
,
and it is also called the Unruh temperature. As for the accelerated observer,
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the temperature is given by the Tolman-Ehrenfest relation in eq. (1), now the
constant can be set to be
T
√
g00 = T0, (5)
where
√
g00 = e
aξ from the metric in eq. (4). We may obtain the Unruh
temperature T = α2πkB , where α is indeed the proper acceleration. More detail
about the above discussion can be found in ref. [20]. Now we may turn the
attention to the current model of the universe, the Fiedman-Robertson-Walker
metric (FRW) [21]:
ds2 = dt2 − a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
, (6)
where k is the constant curvature of the space. We will assume the universe a
flat space for k = 0 and introduce the conformal time, η, for the FRW’s universe,
t =
∫ t
dt′ =
∫ η
a(η′)dη′, (7)
therefore the metric in eq. (6) becomes
ds2 = a2(η)
(
dη2 − dr2 − r2dΩ2) , (8)
where a2(η) is the conformal scale factor. From the discussion in the beginning
of this section, the conformal time, η, is identified as the thermal time and the
temperature of the vacuum is determined by
T a(η) = const. , (9)
where the temperature, T (η), is also a function of η. The constant can be set
to be the current temperature T0 at the present time η0 so that a(η0) = 1. The
function a(η) is the scale factor at the time η. Therefore, the eq. (9) simply tells
us that the scale factor is the ratio of the temperatures in different eras. We
can denote it as a(η) = β(η)β0 . Like the discussion for the accelerated observer,
quantum fields can be quantized for the vacuum states in the current Minkowski
space, |0a(η0)〉, and those in the Minkowski space in another era, |0a(η)〉. If the
physics observed by local observers of distinct periods is believed not different
from one another, the actions which defines the Lagrangian densities should be
independent of the expansion of the universe, in other words, should be scale
invariant. And it is known that the actions of fermions and photons discussed
in [13] are invariant under such temperature-dependent scale transformations.
In Section 3, the cosmological constant deduced by the DeWitt-Schwinger rep-
resentation is calculated in the imaginary-time field theory and the scale factor
considered here will be used to account for the reason why the energy density
is a constant over all of the space and through the evolution of time.
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3 DeWitt-Schwinger representation
The action in the general relativity can be expressed as S = Sg+Sm, where the
gravitational action is
Sg =
∫
ddx
16πG
√−g (R− Λ) , (10)
and Sm is the action of the matter. The classical Einstein equation is derived
by the condition ∂S∂gµν = 0. The variation on the scalar curvature, R, gives
rise to the deformation of the space and time, and the cosmological constant,
Λ, is needed to explain the acceleration of the universe from the cosmological
observation data. In the context of the field theory, the DeWitt-Schwinger
representation [23, 24] is able to give a prediction for the cosmological constant.
Unfortunately, a traditional problem that occurs in field theories also happens,
the predicted value is divergent [20], and a bare quantity is also needed in order
to fit the experimental data. As the formalism of the imaginary-time field theory
[13] is known to be free of UV divergences, it would be naturally to see if it still
can give a finite answer to the cosmological constant. In obtaining the Green
functions in curved spacetime [23, 24, 25], the Riemann normal coordinate yµ for
a point x is adopted to expand the metric tensor as well as the Green functions.
The notations presented here are followed by those in ref. [20]. The idea is
briefly described as follows. In general, the generating function of a field φ can
be obtained after finishing a Gaussian integral of φ(x) and the corresponding
source function J(x),
Z[J ] ∝ [det(−GF )] 12 exp
[
− i
2
∫
ddxddx′J(x)GF (x, x
′)J(x′)
]
,
where the prefactor can be rewritten as [det(−GF )] 12 = exp [ 12 tr ln(−GF )]. An
effective action can be defined as a function, W ≡ lnZ[0] as well as the corre-
sponding effective Lagrangian
W =
∫
ddxLeff(x), where Leff =
1
2
tr ln (−GF ) . (11)
The trace of the operator ln (−GF ) can be computed through
tr ln (−GF ) =
∫
ddx
√
−g(x) lim
x→x′
〈x| ln (−GF ) |x′〉. (12)
And a useful integral representation that is used in the precedent calculations
is
1
k2 −m2 + iǫ = −i
∫
ds eis(k
2−m2+iǫ). (13)
The resultant effective Lagrangian Leff contributes to the cosmological constant
in eq. (10), but is divergent. The term of the leading order is like
− 4m
2
(4π)d/2d(d− 2)
{
1
d− 4 +
1
2
[
γE + ln
(
m2
µ2
)]}
+ ... , (14)
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where d is the dimension of the space-time. The remainder is proportional to
the scalar curvature R and is ignored here since it is beyond the scope of this
paper.
3.1 Cosmological constant from Electromagnetic waves
In the imaginary-time formalism of field theory [13], the Matsubara frequency
plays the role of the energy for the imaginary-time dimension. Take the metric
tensor gµν aside without losing any generality for a second and will restore it in
the end, the imaginary-time Green function of photons can be written as
GF (ωn,q) =
1
ω2n + q
2
, and GF (x, x
′) =
1
β
∑
n
∫
d3q
(2π)3
e−iωn(τ−τ
′)+iq·(x−x′)GF (ωn,q),
where the metric tensor gµν is ignored for a simplicity reason and will be restored
in the end. In order not to be confused with a factor β that will be introduced
later for a temperature at some time in the past, the factor β = 1kBT will be set
to β0 =
1
kBT0
from now on in this section for it to represent the temperature of
vacuum at the present time. In practice, similar to eq. (13) for the imaginary-
time Green function of photons the integral representations that will be used
are
1
iωn − |q| = −
∫ β0
0
ds
eβ0|q|
eβ0|q| − 1e
(iωn−|q|)s, and
1
iωn + |q| =
∫ β0
0
ds
1
eβ0|q| − 1e
(iωn+|q|)s.
(15)
In order to take the integration, we may introduce another integral S(m), and it
contains the exponential function E1(...) with a parameter m, which will be set
to zero later. The lower bound of the integration domain, ǫ, is an infinitesimal
positive number.
S(m) ≡
∫ ∞
ǫ
ds
s
e−i(ω
2
n+q
2+m)s = E1
(
i(ω2n + q
2 +m)ǫ
)
= −γE − iπ2 − ln(ω2n + q2 +m)− ln ǫ+O(ǫ), (16)
where γE is the Euler-Gamma constant and m has a dimension of [mass]
2. By
taking the derivative of the above formula, we may reach the following relations
dS(m)
dm
= −i
∫ ∞
0
ds e−i(ω
2
n+q
2+m)s = − 1
ω2n + q
2 +m
, and S(m) = −
∫ ∞
m
dm′
dS(m′)
dm′
.
From eq. (16), if the remainder function O(ǫ) is neglected, we may obtain the
formula
〈ωn,q| ln (−GF ) |ωn,q〉 = ln
( −1
ω2n + q
2
)
= S(0) + γE + i
3π
2 + ln ǫ.
The logarithm function appears to be divergent after integrating over the 3-
momenta and summing over the frequency, so it is hoped that the formalism of
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the imaginary-time field theory will bring a regularization function to make a
finite answer, just like what we had in the calculations of the Casimir effect and
the van der Waals force [15]. However, from the above expression, the last three
constants apparently will lead to a divergence. If a finite result is possible from
the right-hand side of the above, the integration for the function S(0) has to
cancel the divergence. Based from this approach, the calculation of the function
〈x| ln(−GF )|x′〉 is separated into two parts, I1 and I2; notations ∆x = x − x′
and ∆τ = τ − τ ′ will be used and set to zero or near zero in the following. It
will soon be realized that the cancellation will be made possible by choosing an
infinitesimal value of ∆τ . For the first part,
I1 =
1
β0
∑
n
∫
d3q
(2π)3
S(0)e−iωn∆τ+iq·∆x
= −
∫ ∞
0
dm
1
β0
∑
n
∫
d3q
(2π)3
dS(m)
dm
e−iωn∆τ+iq·∆x
=
∫ ∞
0
dm
1
β0
∑
n
∫
d3q
(2π)3
1
ω2n + q
2 +m
e−iωn∆τ+iq·∆x,
where the factor 1ω2n+q2+m
is expanded into 1
2
√
q2+m
(
1
iωn+
√
q2+m
− 1
iωn−
√
q2+m
)
.
While setting ∆x = 0 and temporarily keeping ∆τ as nonzero, apply the for-
mulas in eq. (15) then we obtain
I1 =
∫ ∞
0
dm
∫ β0
0
ds
1
β0
∑
n
∫ |q|d|q|
2π2
(
e−
√
|q|2+ms
2
+
cosh(
√
|q|2 +ms)
eβ0
√
|q|2+a − 1
)
e−iωn(∆τ−s)
|q|√
q2 +m
,
=
∫ ∞
0
dm
∫ |q|d|q|
2π2
(
e−
√
|q|2+m∆τ
2
+
cosh(
√
|q|2 +m∆τ)
eβ0
√
|q|2+m − 1
)
|q|√
q2 +m
.
The sum of e−iωn(∆τ−s) over the Matsubara frequencies in the first line yields
a delta function, δ(s −∆τ), which can be integrated out by ∫ β0
0
ds right away.
The above integration converges as long as ∆τ is kept finite, and the multiple
integral of m and |q| will be combined into one single integral. Let m = k21 + k22
and |q|2 = k23 + k24 , so that dm = 1πdk1dk2 and |q|d|q| = 12πdk3dk4. Combine
them together dm|q|d|q| = 12π2 d4k. We can make a variable change to a four-
dimensional hyper-spherical coordinate (k, θ1, θ2, θ3) for (k1, k2, k3, k4):
k4 = k sin θ3 sin θ2 sin θ1, k3 = k cos θ3 sin θ2 sin θ1, k2 = k cos θ2 sin θ1, and k1 = k cos θ1,
where 0 < θ1 < 2π and 0 < θ2, θ3 < π. The volume element in the new
coordinate is 12π2 d
4k = k
3
2π2 dkdΩ, where k =
√
k21 + k
2
2 + k
2
3 + k
2
4 =
√
m+ |q|2
and the solid angle dΩ = sin2 θ3 sin θ2dθ3dθ2dθ1. The last factor in the above
integration can be rewritten as |q|√
q2+m
=
√
k23+k
2
4
k = | sin θ2 sin θ1|. The result
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of the first part of the integration becomes
I1 =
1
4π4
∫ ∞
0
k3dk
(
e−k∆τ
2
+
cosh(k∆τ)
eβ0k − 1
)∫ 2π
0
dθ1
∫ π
0
dθ2dθ3 sin
2 θ3 sin θ2| sin θ2 sin θ1|
=
1
4π2
(
3
(∆τ)4
+
π4
15β0
4
)
. (17)
As mentioned before, the first term in the parenthesis blows up as ∆τ goes to
zero, and we need the cancellation of the divergence in the second part. The
second part of the integration, I2, for ∆x = 0 and ∆τ = 0 are
I2 = (γc + ln ǫ)
1
β0
∑
n
∫
d3q
(2π)3
= (γc + ln ǫ)
Λ4cutoff
(2π)4
= ln(eγcǫ)
Λ4cutoff
(2π)4
, (18)
where, similar to ref. [13], the cutoff of the Matsubara frequency is chosen to
equal to that of the 3-momentum, Nmax =
Λcutoff
2π β0, and γc = γE + i
3pi
2
. As
ǫ → 0, the integration, I2 turns to be negative. We may choose ∆τ to cancel
the divergences in eq. (17) and (18)
ln(eγcǫ)
Λ4cutoff
(2π)4
+
3
4π2∆τ4
= 0 ⇒ ∆τ =
β0
Nmax
4
√
4π2
3 ln
(
1
eγcǫ
) . (19)
Therefore for the cutoff Λcutoff →∞ and ǫ→ 0, an infinitesimal value of ∆τ can
be picked to satisfy the cancellation. The above condition for ∆τ is similar to
the condition in eq. (28) in the next section; it implies that ∆τ is the smallest
distance that can be resolved by photons. There will be more discussions about
its physical meaning when we get to the vacuum energy for the Casimir effect.
Taking into account the trace of gµν and the prefactor
1
2 in eq. (11), the finite
part in eq. (17) contributes to the effective Lagrangian density, also the energy
density of virtual photons, ε¯D.S.0,γ , in eq. (12) is
Leff = ε¯
D.S.
0,γ =
π2
30β0
4 . (20)
The Stephen-Boltzmann constant of the black-body radiation is σ = π
2
60 . Unlike
the divergent result in eq. (14) obtained in the conventional framework, the
prediction given by the imaginary-time field theory is finite as expected in the
beginning of the paper. The problem now is how to interpret it and relate
it to the cosmological constant that we know. As we know from the modern
cosmology, the energy density of the cosmic background radiation (CMB) is
proportional to 1/a4, where a is the scale factor of the universe, due to the
expansion of the universe and the extension of their wavelength. In Section 2, we
know from the Tolman-Ehrenfest relation the relation between the temperature
and the scale factor, a(η) = β(η)β0 . As a result, the energy density in the current
age of the universe for photons is
ε¯D.S.γ (η∗) =
ε¯D.S.0,γ
a4
=
π2/(30β40)
β4∗/β
4
0
=
π2
30β∗
4 , (21)
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where η∗ is some time in the evolution of the universe for the initial value of the
energy density, ε¯D.S.γ . This implies that a characteristic temperature, which we
may denote it as β∗ = β(η∗), was recorded in the electromagnetic vacuum during
the history of the universe, similar to the CMB. When the CMB temperature
cools down to about 3000 K, it signifies the beginning of the recombination era
and its evolution separates from other elements in the universe. On the other
hand, the energy density of the vacuum stays the same no matter how the scale
factor changes along β0. Its difference from the CMB is that the temperature of
the CMB does not correlate with the scale factor, so the temperature of the CMB
declines as the universe expands. The current observation of the cosmological
constant is ∼ 10−47 GeV4, if we assume that the electromagnetic wave is the
only element in the vacuum, then the corresponding characteristic temperature
is β∗ ∼ 27.3 K.
4 Casimir effect
As mentioned before, the observational data of the cosmological constant is
about ∼ 10−47GeV4. With the ordinary quantum field theory up to the Planck
scaleMPl = (8πG)
−1 ∼ 1018 GeV, the zero-point energies of all normal modes of
some fields give rise to a vacuum energy ∼ 1072 GeV4, which leads to the famous
discrepancy of 120 orders of magnitude between the experimentally observed and
the theoretically predicted values of the cosmological constant. Obviously, what
behind this huge disagreement should be some weaknesses in our theoretical
formalism. In the previous work [15] on the applications of the imaginary-time
field theory on various vacuum effects, the calculation of the Casimir effect based
from the new proposed theory was found to agree with those in the classical
approach. Hence, it would be interesting to see if the same theory could tell
anything new about the vacuum energy. The experimental setup of the Casimir
effect is that two parallel conducting plates, each is a square of a length L, are
placed with a distance d between them, and the energy per unit area, which is
stored in between, will be calculated. We may adopt the same mathematical
approaches that have been used in ref. [15] for the electromagnetic waves and
the fermions in the following derivations.
4.1 Energy density and negative pressure of vacuum
The Hamiltonian of the electromagnetic waves based on the imaginary-time field
theory is
H0(ωn,q) = 1
4|q| (ω
2
n − |q|2)
∑
λ
(−gλλ)
(
aλωn,qa
λ†
ωn,q + a
λ†
ωn,qa
λ
ωn,q
)
, (22)
where λ is the polarization index and a†ωn,q and a
λ†
ωn,q are annihilation and
creation operators of the photon field. The matrix gλλ′ = diag(1,−1,−1,−1),
which is not a tensor, simply expresses the sign of each polarization state. The
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average energy of the system after summing over all of the Matsubara frequency
is
〈H0(q)〉 = lim
τ→0+
|q|
(
e−|q|τ + 2 cosh(|q|τ)nB(|q|)
)
. (23)
Consider the experimental setup of the Casimir effect, two plates are placed in
parallel to the x-y plane, and the distance d is along the z-direction. The energy
stored between two plates is E(d), so the energy per unit area of the conducting
plate is
E(d)
L2
= lim
τ→0+
1
π2
∞∑
n=0
′
∫ ∞
0
dqx
∫ ∞
0
dqy|q|
(
e−|q|τ + 2 cosh(|q|τ)nB(|q|)
)
,
where |q| =
(
q2x + q
2
y +
n2π2
d2
)1/2
and n is an integer. The summation
∑
n
′
indicates that an extra factor 1/2 is inserted for n = 0. Remember in ref. [15],
the second term in the parenthesis is dropped due to the large value of β0 in the
density function nB(|q|). In the case considered here, the distance d between
the two plates will be taken to infinity and the factor, β0, is kept as a large but
finite value, and the integration from the second term will be taken into account.
The summation and the integration of the energy density will be separated into
two parts, for each term in the parenthesis, ε¯ = ε¯1 + ε¯2. As for the first,
ε¯1 = lim
τ→0+
1
π2d
∞∑
n=0
′
∫ ∞
0
dqx
∫ ∞
0
dqy|q|e−|q|τ = lim
τ→0+
1
4π
(
12
πτ4
− π
3
180 d4
+O(τ4)
)
.
(24)
Similar to the discussion in [27, 15], the divergent term of 1/τ4 is neglected,
only the term of 1/d4 makes a solid contribution. As for a small distance d, the
traditional result of the induced Casimir force for the electromagnetic waves is
restored. We did not care the divergent term, since it does not depend on d as
we measure the Casimir force with varying distances. However, if a finite value
is expected for the vacuum energy, we have to see what brings a divergence to
our derivation. Let’s take one step backward in the calculation and see what
might be the reason. We may give the integration of qx and qy a cutoff Λcutoff ,
instead of an infinity in eq. (24), then restart. The first integral becomes
ε¯1 = lim
τ→0+
1
π2d
∞∑
n=0
′
∫ Λcutoff
0
dqx
∫ Λcutoff
0
dqy|q|e−|q|τ
= lim
τ→0+
1
2πd
∞∑
n=0
′
∫ Λcutoff
0
q⊥dq⊥|q|e−|q|τ , (25)
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d(a)
d
(b)
Figure 2: Suppose there are N = 10 particles in the experimental setup of the Casimir
effect as shown in Fig. (a). The behaviors of the particles in two parallel walls
are described by the harmonic oscillating motion, and each particle is a harmonic
oscillator. In Fig. (b), the standing waves formed by the macroscopic behavior of
all of the oscillators have a largest mode number Nmax = N , and it corresponds to a
maximal frequency that carried by the waves, fmax =
Nmax
2d
c, where c is the speed of
the wave. More importantly, it has a shortest wavelength 2d/Nmax, which is similar
to the condition of the characteristic length τ in eq. (28). Therefore the factor e−|q|τ
appeared in the average energy of eq. (23) is simply to impose a constraint on the
highest energy that a single wave can reach in a system based on the above reason.
where q⊥ =
√
q2x + q
2
y and |q| =
√
q2⊥ +
n2π2
d2 . Then we have
ε¯1 = lim
τ→0+
1
2πd
∞∑
n=0
′
∫ Λcutoff
npi
d
d|q||q|2e−|q|τ = lim
τ→0+
1
2πd
∂2
∂τ2
∞∑
n=0
′
∫ Λcutoff
npi
d
d|q|e−|q|τ
= lim
τ→0+
1
2πd
∂2
∂τ2
1
τ
∞∑
n=0
′
(
e−
npi
d τ − e−Λcutoffτ ) . (26)
Apparently, the term of e−Λcutoffτ is being neglected in the first trial, however if
τ is vanishing, then something might go wrong with this term dropped. For a
convenience reason, we may choose Λcutoff = 1/τ and see if the extra term can
be used to cancel against the divergence in eq. (24). The result from the term
of e−Λcutoff τ , which is equal to e−1 now, is
− 1
πeτ3d
(
1
2
+Nmax
)
, (27)
where Nmax is the maximal number of the mode number n. The variable τ now
can be made to be
τ =
3e d
π( 12+Nmax)
, (28)
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so the divergence in the energy density can be canceled and the combined result
of ε¯ = ε¯1 + ε¯2 is made finite. To seek a deeper reason for the above condition,
the right-hand side in eq. (28) can be regarded as the minimal distance which
has physical meanings. Since the mode number of the electromagnetic waves
should not exceed the total number of photons, it gives rise to an upper bound
to the highest energy that a photon can reach, or equivalently we may say that
it sets a minimal distance that can be resolved by photons. This accounts for
the role of the factor e−|q|τ in eq. (24), because a photon can not carry energy
without any constraint, and the value of τ sets a characteristic distance for
vacuum. The explanation can be illustrated as in Fig. 2. The appearance of
the divergence is due to a flaw in our original derivation, though the cancellation
looks tricky, a finite result should not be beyond our expectation for there is a
non-vanishing τ in eq. (24). In fact, when considering the practical setup of the
Casimir effect, since the perfect conducting walls do not exist, the photons with
a wavelength smaller than the size of a molecular or an atom can not be confined
in the space between two plates. It sets a practical maximal number of mode
Nmax ≃ da0 , where a0 is the Bohr radius, for the z-dimension, and accordingly
the characteristic length τ ≃ 3eπ a0 from eq. (28). Thus, the imperfectness of
the conducting walls lowers the maximal number of mode for a0 is much larger
than the smallest distance that the natural cutoff, Λcutoff , leads to. As a result,
the first part, ε¯1, contributes nothing to the energy density. This is reasonable
for there is no difference of the energies between the inside and the outside as
the separation of two plates, d, is very large. Now we may turn our focus on the
second part, ε¯2. In the limit of τ goes to zero, the function cosh(|q|τ)nB(|q|)
can be approximated by e−β0|q| if β0 is not a small value. Then the computation
of ε¯2 becomes similar to that of ε¯1, except that τ is replaced by the parameter
β0. The divergence no longer exists, while instead it becomes a term of 1/β0
4.
We obtain
ε¯2 = lim
τ→0+
2
π2
∞∑
n=0
′
∫ ∞
0
dqx
∫ ∞
0
dqy |q| cosh(|q|τ)nB(|q|)
=
1
2π
(
12
πβ0
4 −
π3
180 d4
+O
(
1
d5
))
. (29)
Therefore, as d goes to cover one of the three dimensions of the whole universe,
it is obviously that only the first term in the parenthesis of ε¯2 survives. The
energy density of the electromagnetic vacuum in the universe is
ε¯ =
6
π2β0
4 , (30)
which is also a scale invariant quantity after divided by a4(η∗), just like what
is obtained in eq. (20) from the DeWitt-Schwinger representation. Now we
are able to look at the famous discrepancy mentioned in the beginning of this
section and know that, in the imaginary-time field theory, the problem can be
conciliated.
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When considering the pressure that induced by the Casimir effect, we may
remember that the corresponding Casimir force per unit area, F (d), is obtained
from
F (d) = − 1
L2
d
dz
E(z)
∣∣∣∣
z=d
= − π
2
240d4
.
When the distance, d, between the two plates is going to be about the size of
the universe, the energy E(d) = (L2d) ε¯ from eq. (30), the force per unit area,
or say the pressure, P (d), is
P (d) = − 1
L2
d
dz
E(z)
∣∣∣∣
z=d
= −ε¯.
This is exactly what we expect from a cosmological constant, a negative pres-
sure, which has the same strength as the vacuum energy, and it is derived from
the calculation of the Casimir effect in the perspective of the imaginary-time
field theory. The origin of the negative pressure would results from the vac-
uum fluctuations, as illustrated in Figure 3, a small attractive force is induced
between one fermion loop and another induced one in the neighborhood. It is
somehow similar to the origin of the van der Waals force [16].
4.2 Fermion Casimir effect
In the previous subsection, the energy density and pressure of photons are de-
rived and are found to exactly assume the role of the cosmological constant that
we expect from the knowledge of the modern cosmology. We would wonder if
other types of particles also take parts in the cosmological constant. As for the
energy density of fermions, the calculation can be followed from the calcula-
tions presented in ref. [15]. The average energy after the summation over the
Matsubara frequencies is
〈HD(p)〉 = lim
τ→0+
1
β
∑
n=odd
4ξ2pe
−iωnτ
(iωn)2 − ξ2p
= lim
τ→0+
−2ξp
(
e−ξpτ − 2 cosh(ξpτ)nF (ξp)
)
. (31)
Then the derivation is proceeded according to the setup of the Casimir effect.
We may also separate the calculation into two parts for the individual terms in
the parenthesis of eq. (31). After integrating over the momentum qx and qy,
like in eq. (26), the energies per unit area for the respective parts are
ED,1(d)
L2
= lim
τ→0+
− 1
π
∂2
∂τ2
1
τ
∑
n=odd
e
−
√
n2pi2
4d2
+m2τ
,
ED,2(d)
L2
=
1
π
∂2
∂τ2
1
τ
∑
n=odd
e
−
√
n2pi2
4d2
+m2τ
∣∣∣∣∣
τ=β0
,
where m is the mass of a fermion and the density function nF(ξp) is approx-
imated as ≃ e−β0ξp for a low temperature. The summation can be further
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derived by
∑
n=odd
e
−
√
n2pi2
4d2
+m2τ
=
∑
n=odd
e−
npiτ
2d −mτ
∑
n=odd
∫ ∞
1
dxe−
npiτ
2d x
J1
(
mτ
√
x2 − 1)√
x2 − 1 , (32)
=
1
2 sinh πτ2d
−
∫ ∞
1
dx
mτ
2 sinh
(
πτ
2d x
) J1 (mτ
√
x2 − 1)√
x2 − 1 , (33)
where Jν(x) is the Bessel function of the first kind. The useful formulas that
are used in the eq. (32) are∫ ∞
1
e−αxJ0
(
β
√
x2 − 1
)
dx =
1√
α2 + β2
e−
√
α2+β2 , (34)
and
∫ 1
0
xν+1Jν(ax)dx = a
−1Jν+1(a) for Re ν > −1. (35)
Eq. (32) can be obtained by integrating eq. (34) over the variable, β2, then
applying eq. (35) and summing over all odd numbers of n. We shall expand the
function 1sinh(πτ/2d) and
1
sinh(πτx/2d) in eq. (33) for τ = 0
+, or β0, and obtain
=
1
2
(
2d
πτ
− 1
6
πτ
2d
+
7
360
π3τ3
8d3
+O(τ4)
)
−mτ
2
∫ ∞
1
dx
(
2d
πτx
− 1
6
πτ
2d
x+
7
360
π3τ3
8d3
x3 +O(τ4)
)
J1
(
mτ
√
x2 − 1)√
x2 − 1 . (36)
As two plates are placed close to each other, d ≪ 1, the Casimir effect for the
massless fermions, m = 0, can be recovered
ED(d)
L2
= − 7
2880
π2
d3
, and FD(d) = − 1
L2
d
dz
ED(z)
∣∣∣∣
z=d
= − 7π
2
960d4
.
What concerns us is if it could also give a finite prediction as one of the
ingredients for the cosmological constant. The only factors related to the size
of the system in eq. (33) are 1
sinh(piτ2d )
and 1
sinh(piτx2d )
; they can be approximated
by the 1piτ
2d
and 1piτx
2d
if d is about the size of the universe. Similar to the case of
electromagnetic waves, for the first part of the energy per unit area τ is taken
to an infinitesimal value, the divergences caused by the first term in the factor
1
sinh(piτ2d )
in eq. (36) can be canceled by a chosen cutoff for momentum qx and
qy. For the integral of the factor
1
sinh(piτx2d )
, consider the leading term of the
factor in the expansion and change the variable to y = mτ
√
x2 − 1, the integral
becomes
md
π
∫ ∞
1
dx
J1(mτ
√
x2 − 1)
x
√
x2 − 1 =
m2τd
π
∫ ∞
0
dy
J1(y)
y2 +m2τ2
=
1−mτK1(mτ)
πτ
d.
The Bessel function K1(x) ≃ 1x + O(x) near the point x = 0, therefore the
integral of x in eq. (36) makes no contribution to the energy density for τ → 0+
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Space
(b)
Figure 3: The above figure illustrates the induction of vacuum fluctuations for each
others in the neighborhood. The loops are the trajectories of charged particles in space-
time. Take electrons for example, a virtual electron, ⊖, moving along time behaves
as negative charged particle and induces one vacuum fluctuation in its side; on the
other side of the loop, a virtual positron, ⊕, which is moving against time excites
another electron loop in the nearby. Microscopically, small attractive forces appear
between virtual loops of the electrons; the macroscopic behavior of the system in a
very large scale yields a negative pressure in the vacuum. For a higher temperature,
the fluctuations are expected to be more violent, as shown in (b), than those of (a) in
a lower temperature.
either. The only term in eq. (36) could possibly contribute in this limit of τ is
the one proportional to τ3, however as d goes to infinity, the contribution also
diminishes. Therefore only the second part for τ = β0 could contribute to the
cosmological constant. The volume between two plates is L2d. In the limit of
mβ0 ≫ 1, the energy density and the pressure are
ε¯D =
ED(d)
L2d
=
e−mβ0
β40
(
(mβ0)
5
2√
2π
3
2
+
27(mβ0)
3
2
8
√
2π
3
2
+
705(mβ0)
1
2
128
√
2π
3
2
+O(
1
(mβ0)
1
2
)
)
,
and PD(d) = − 1
L2
d
dz
ED(z)
∣∣∣∣
z=d
= −ε¯D.
The energy density and pressure is strongly suppressed by the exponential factor
e−mβ, so massive fermions do not make a substantial contribution to the cosmo-
logical constant. For example, the value, mβ, for an electron at a temperature
1K is about ∼ 1010, not to mention that a black hole of one solar mass has a
temperature ∼ 10−7 K. For the case of massless fermions, like the neutrinos in
the Standard Model, the contribution from one species is
ε¯D =
6
π2β40
, and PD(d) = − 1
L2
d
dz
ED(z)
∣∣∣∣
z=d
= −ε¯D.
The results are the same as those of the electromagnetic waves. In Figure 3,
it explains how a negative pressure is generated due to the induction of the
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vacuum fluctuations.
5 Conclusion
In this paper, I have discussed two possible origins of the cosmological constant
from the point of view of the imaginary-time field theory and incorporated the
concept of the thermal time with scale invariance of the actions in the theory. In
the first approach, the DeWitt-Schwinger representation, which used to predict
a divergent value from the field theory, is applied. The Green function of the
electromagnetic waves adopted from the imaginary-time field theory, is used in
a similar manner and gives up a finite result for the cosmological constant. The
obtained energy density is proportional to T 4, similar to that of the black-body
radiation. From the concept of the thermal time and scale invariance, the scale
factor in the FRW metric is found to be determined by the temperature, T ,
and the temperature decreases as the universe expands. This gives rise to a
constant energy density over space during the expansion of the universe. The
value of the cosmological constant then corresponds to a specific temperature
that might happen sometime due to some special event in the early evolution
of the universe. Like the case of the CMB, it imprinted the temperature about
3000K for the beginning of the recombination era, when the universe was about
37900 years old, and afterwards cooled down to the current observed value 2.725
K. In the second method, the energy density and the pressure of vacuum are
computed through the way of the Casimir effect. From the old estimation of
the vacuum energy, the summation over all of the zero-energy mode numbers
results in a big discrepancy between the theoretical and experimental values.
The hamiltonian of the imaginary-time field theory in calculating the Casimir
vacuum energy and pressure gives a satisfying prediction for the cosmological
constant, including a constant energy density and a negative pressure with an
equation of state coefficient w = −1, and remedies the mysterious discrepancy.
An important requirement that is obtained from both of the approaches is that
the number of mode of a field can not exceed the number of the particles in
the vacuum. This criteria sets natural cutoffs on the phase space of the energy
and the momentum, and is required to remove redundant divergences in the
derivation.
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